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Nonlinear buckling optimization is introduced as a method for doing laminate optimization on general-
ized composite shell structures exhibiting nonlinear behaviour where the objective is to maximize the
buckling load. The method is based on geometrically nonlinear analyses and uses gradient information
of the nonlinear buckling load in combination with mathematical programming to solve the problem.
Thin-walled optimal laminated structures may have risk of a relatively high sensitivity to geometric
imperfections. This is investigated by the concepts of ‘‘worst” imperfections and an optimization method
to determine the ‘‘worst” shape imperfections is presented where the objective is to minimize the buck-
ling load subject to imperfection amplitude constraints. The ability of the nonlinear buckling optimiza-
tion formulation to solve the laminate problem and determine the ‘‘worst” shape imperfections is
illustrated by several numerical examples of composite laminated structures and the application of both
formulations gives useful insight into the interaction between laminate design and geometric
imperfections.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The use of ﬁber-reinforced polymers has gained an ever-
increasing popularity due to their superior mechanical properties
and lowweight. Designing structures made out of composite mate-
rial represents a challenging task, since both thicknesses, number
of plies in the laminate and their relative orientation must be se-
lected. The best use of the capabilities of the material can only
be gained through a careful selection of the layup. This work fo-
cuses on optimal design of laminated composite shell structures,
i.e. the optimal ﬁber orientations within the laminate which is a
complicated problem, while considering the effect of geometric
imperfections. One of the most signiﬁcant advances of optimal de-
sign of laminate composites is the ability of tailoring the material
to meet particular structural requirements with little waste of
material capability. Perfect tailoring of a composite material yields
only the stiffness and strength required in each direction. A natural
consequence of optimal material utilization is that the structures
are becoming thin-walled and local buckling becomes an issue in
compressively loaded regions. Furthermore, thin-walled bucklingll rights reserved.
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), el@me.aau.dk (E. Lund),critical structures may have risk of a relative high sensitivity to
imperfections. Thompson (1972) even warn that buckling optimal
designs may be dangerous since they exhibit severe sensitivity to
geometric imperfections. A geometric imperfection is a deviation
from the perfect structure and is present in all real-life structures.
Neglecting imperfections in the design phase may lead to unsafe
structures that fail at a load level much lower than the estimated
buckling load. It is therefore essential to consider imperfections
both in the analysis and design of thin-walled compressive loaded
structures.
Imperfections can in general be geometrical, structural, mate-
rial or load related. Typically, in modelling, a substitute imperfec-
tion is introduced to investigate the inﬂuence of imperfections
and often represented by an equivalent geometric imperfection.
The idea to ﬁnd the ‘‘worst” possible geometric imperfection for
a given structure is as old as the discovery of the important role
of imperfections itself. In practice, it is common to consider the
‘‘worst” imperfection as that imperfection shape which is afﬁne
to the lowest bifurcation mode. Though, recent research shows
that a combination of a number of bifurcation modes or even a
simple dimple imperfection in some cases proves to be a better
prediction of the ‘‘worst” imperfection. In reality large uncertain-
ties are related in the direct determination of the real imperfection
shape and amplitude since it relies on data of measured imperfec-
tions. In engineering, the concept of the ‘‘worst” imperfections is
important since it is deﬁned as the imperfections that yields the
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the performance measure.
In recent years, the concept of the deﬁnitely ‘‘worst” imperfec-
tion has been introduced. Within the concept, the shape of the
imperfections that would lead to the lowest critical load of the
structure is searched. The shape of the imperfections is addition-
ally bounded by the given imperfection amplitude, see e.g. the
works by Deml and Wunderlich (1997), Wunderlich and Albertin
(2000), Damatty and Nassef (2001), Kristanic and Korelc (2008).
Stability is one of the most important objectives/constraints in
structural optimization and this also hold for many laminated
composite structures, e.g. a wind turbine blade. Traditionally in
optimization, stability is regarded as the linear buckling load, but
for structures exhibiting a nonlinear response when loaded the tra-
ditional approach can lead to unreliable design results, see e.g.
(Suleman and Sedaghati, 2005 and Lindgaard and Lund, 2010). In
stability analysis the buckling load is often approximated by line-
arized eigenvalue analysis at an initial prebuckling point (linear
buckling analysis or bifurcation analysis) and the buckling load is
generally overestimated. In the case where nonlinear effects can-
not be ignored nonlinear path tracing analysis is necessary. For
limit point instability, several standard ﬁnite element procedures
allow the nonlinear equilibrium path to be traced until a point just
before the limit point. The traditional Newton like methods will
probably fail in the vicinity of the limit point and the post-critical
path cannot be traced. More sophisticated techniques, as the arc-
length methods suggested by Riks (1979) and subsequently modi-
ﬁed by Ramm (1981) and Crisﬁeld (1981) are among some of the
techniques available today for path tracing analysis in the post
buckling regime.
A more accurate estimate of the buckling load, than that obtain-
able with linear buckling, can be obtained by performing a nonlin-
ear response analysis where the buckling load is approximated by
an eigenvalue analysis on the deformed conﬁguration. Various
eigenvalue problems have been suggested for the stability analysis
of nonlinear structures. Brendel and Ramm (1980) and Borri and
Hufendiek (1985) formulated linear eigenvalue problems with
information at one load step on the nonlinear prebuckling path.
This formulation is referred as the ‘‘one-point” approach, where
stiffness information is extrapolated until a singular tangent stiff-
ness is obtained. Bathe and Dvorkin (1983) formulated a linear
eigenvalue problem utilizing tangent information at two succes-
sive load steps on the nonlinear prebuckling path, and is referred
as the ‘‘two-point” approach.
Optimization with stability constraints have been studied
extensively in the past. Khot et al. (1976) and Khot (1983) de-
scribed an optimality criterion method for determining the mini-
mum weight design of linear space truss structures subjected to
stability constraints. They solved linear stability analysis problems
to obtain the critical load and obtained sensitivities by differentiat-
ing the discretised matrix eigenvalue problem with respect to de-
sign variables. Later methods for obtaining optimum designs of
truss structures with stability constraints while considering geo-
metric nonlinearities were presented by Khot and Kamat (1985)
by using a relation based on equal strain energy density in all
members.
Wu and Arora (1988) presented design sensitivities of the buck-
ling load for nonlinear structures by taking derivatives of discret-
ized matrix equations with respect to design variables. The
method only works for limit points and the critical point needs
to be precisely determined for evaluation of sensitivities. Noguchi
and Hisada (1993) presented a variation of the formula that would
not only work for limit points but also for bifurcation points.
Park and Choi (1990) presented a formulation of continuum de-
sign sensitivity analysis of the critical load based on the ‘‘one-
point” and ‘‘two-point” linearized eigenvalue problems. Theirexpressions would work at any prebuckling point on the nonlinear
equilibrium path. They noted that the design sensitivities did not
converge to those of the exact critical load when approximated
in the near vicinity of the critical point due to divergence in the
derivatives of the displacements. Recently Lindgaard and Lund
(2010) derived design sensitivities of the critical load factor for
the ‘‘one-point” linearized eigenvalue problem based on discre-
tised ﬁnite element matrix equations. An optimization procedure
was proposed that ensures the prebuckling approximation point,
for analysis and design sensitivity analysis according to the ‘‘one-
point” approach, is updated at each iteration such that it always
is in the neighbourhood of the real buckling load whereby a good
approximation is obtained.
Kwon et al. (1999) approximated the exact design sensitivities
by Wu and Arora (1988) by applying the concept from nonlinear
stability analysis, either by ‘‘one-point” or ‘‘two-point” approach.
It was noted that the approximated design sensitivities converged
to those by Wu and Arora (1988) when the approximation point
approaches the exact critical point. Kegl et al. (2008) adopted the
method by Kwon et al. (1999) and included imperfections for
avoidance of bifurcation points.
This paper utilizes the integral and reliable optimization proce-
dure described in Lindgaard and Lund (2010), i.e. optimization
w.r.t. stability is accomplished by including the nonlinear response
by a path tracing analysis, after the arc-length method, in the opti-
mization formulation, using the Total Lagrangian formulation. The
nonlinear path tracing analysis is stopped when a limit point is
encountered and the critical load is approximated at a precritical
load step according to the ‘‘one-point” approach. Design sensitivi-
ties of the critical load factor are obtained semi-analytically by the
direct differentiation approach on the approximate eigenvalue
problem described by discretized ﬁnite element matrix equations.
A number of the lowest buckling load factors are considered in the
optimization problem in order to avoid problems related to ‘‘mode
switching”.
The determination of the ‘‘worst” imperfection for a given struc-
ture is formulated as an optimization problem whereby imperfec-
tions are directly introduced in the analysis model. By including
geometric imperfections, bifurcation points, if present, are in gen-
eral avoided and in case of unstable points of bifurcation converted
into limit points. In case of stable bifurcation the structure does not
exhibit a limit point and for composite structures loading is typi-
cally limited by failure in the composite laminate. This topic is
not addressed further in the current work, i.e. structures exhibiting
stable points of bifurcation are not considered. The ‘‘worst” imper-
fection is in this study deﬁned as the ‘‘worst” case imperfection
shape for a structure, i.e. an imperfection shape which yields the
lowest limit load. The imperfections are represented by a linear
combination of base shapes where the base shapes in this study
are constructed from a number of buckling modes. If the buckling
modes are obtained from a linear buckling analysis, the term bifur-
cation mode is used. The base shapes are via optimization com-
bined in the most unfavourable way while bounded in
imperfection amplitude which is formulated as a set of linear con-
straints. The ‘‘worst” imperfection shape is determined by use of
gradient-based optimization methods and formulas for analysis
and design sensitivity analysis are derived and presented in a ﬁnite
element context.
For laminate optimization only Continuous Fiber Angle Optimi-
zation (CFAO) is considered thus ﬁber orientations in laminate lay-
ers with preselected thickness and material are chosen as design
variables. Despite ﬁber angle optimization is known to be associ-
ated with a non-convex design space with many local minima it
has been applied since the laminate parametrization not has been
the focus in this work, i.e. the presented method in this paper is
generic and can easily be used with other parametrizations.
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expressions of the nonlinear buckling load, using the direct differ-
entiation approach, are presented in Section 2. The parametriza-
tions used for laminate and ‘‘worst” shape optimization,
respectively, are subsequently described in Section 3. In Section 4,
the mathematical programming problem is deﬁned in case of lam-
inate optimization or ‘‘worst” shape optimization. Furthermore, a
special optimization procedure, referred as ‘‘recurrence optimiza-
tion”, is introduced and used to investigate possible interaction be-
tween laminate design and ‘‘worst” shape imperfections. The
‘‘recurrence optimization” is furthermore used to investigate the
sensitivity of buckling optimal laminated structures to geometric
imperfections. The presented methods and procedures are applied
on a series of numerical examples of composite laminated struc-
tures in Sections 5–7. Conclusions are outlined in Section 8.0 5 10 15 20 25
0
0.1
Load step number
Chosen load step for buckling
analysis on deformed geometry
Fig. 1. Detection of limit load in step 2 and chosen equilibrium point for the
nonlinear buckling problem.2. Nonlinear buckling analysis and design sensitivity analysis
The ﬁnite element method is used for determining the nonlin-
ear buckling load factor of the laminated composite structure, thus
the derivations are given in a ﬁnite element context.
A laminated composite is typically composed of multiple mate-
rials and multiple layers, and the shell structures can in general be
curved or doubly-curved. The materials used in this work are ﬁber-
reinforced polymers, e.g. Glass or Carbon Fiber Reinforced Poly-
mers (GFRP/CFRP), oriented at a given angle hk for the kth layer.
All materials are assumed to behave linearly elastic and the struc-
tural behaviour of the laminate is described using an equivalent
single layer theory where the layers are assumed to be perfectly
bonded together such that displacements and strains will be con-
tinuous across the thickness.
The solid shell elements used are derived using a continuum
mechanics approach so the laminate is modelled with a geometric
thickness in three dimensions, see (Johansen et al., 2009). The ele-
ment used is an eight node isoparametric element where shear
locking and trapezoidal locking are avoided by using the concepts
of assumed natural strains for, respectively, out of plane shear
interpolation, see (Dvorkin and Bathe, 1984), and through the
thickness interpolation, see (Harnau and Schweizerhof, 2002).
Membrane and thickness locking are avoided by using the con-
cepts of enhanced assumed strain for the interpolation of the
membrane and thickness strains, respectively, see (Klinkel et al.,
1999).
2.1. Nonlinear buckling analysis
Structural stability/buckling is estimated in terms of geometri-
cally nonlinear analyses and restricted to limit point instability, de-
spite that the presented formulas also work well for bifurcation
points. In addition, bifurcation instability are in many cases trans-
formed into limit point instability with the introduction of small
disturbances/imperfections to the system. The proposed procedure
for nonlinear buckling analysis, considering limit points, is sche-
matically shown in Fig. 1 and consists of the steps stated in Algo-
rithm 1.
Algorithm 1. Pseudo code for the nonlinear buckling analysis
1: Geometrically nonlinear (GNL) analysis by arc-length
method
2: Monitor and detect limit point during GNL analysis
3: Re-set all state variables to conﬁguration at load step
just before limit point
4: Perform eigenbuckling analysis on deformed conﬁgura-
tion at load step before limit pointThe limit load in step 2 is simply deﬁned by monitoring the load
factor in the GNL analysis. When the load factor from two succes-
sive load steps decreases the previous converged load factor is de-
ﬁned as the limit load, see Fig. 1.
Let us consider geometrically nonlinear behaviour of structures
made of linear elastic materials. We adopt the Total Lagrangian ap-
proach, i.e. displacements refer to the initial conﬁguration, for the
description of geometric nonlinearity. An incremental formulation
is more suitable for nonlinear problems and it is assumed that the
equilibrium at load step n is known and it is desired at load step
n + 1. Furthermore, it is assumed that the current load is indepen-
dent on deformation. The incremental equilibrium equation in the
Total Lagrangian formulation is written as (see e.g. Brendel and
Ramm, 1980; Hinton, 1992)
KTðDn; cnÞdD ¼ Rnþ1  Fn ð1Þ
where KTðDn; cnÞ ¼ K0 þ KLðDn; cnÞ þ KrðDn; cnÞ ð2Þ
i:e: KnT ¼ K0 þ KnL þ Knr ð3Þ
Here dD is the incremental global displacement vector, Fn global
internal force vector, and Rn+1 global applied load vector. The global
tangent stiffness KTn consists of the global initial stiffness K0, the
global stress stiffness Knr, and the global displacement stiffness
KLn. The applied load vector Rn is controlled by the stage control
parameter (load factor) cn according to an applied reference load
vector R
Rn ¼ cnR ð4Þ
The incremental equilibrium Eq. (1) is solved by the arc-length
method after (Crisﬁeld, 1981).
During the nonlinear path tracing analysis we can at some con-
verged load step estimate an upcoming critical point, i.e. bifurca-
tion or limit point, by utilizing tangent information. At a critical
point the tangent operator is singular
KTðDc; ccÞ/j ¼ 0 ð5Þ
where the superscript c denotes the critical point and /j the buck-
ling mode. To avoid a direct singularity check of the tangent stiff-
ness, it is easier to utilize tangent information at some converged
load step n and extrapolate it to the critical point. The one-point
approach only utilizes information at the current step and
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gent stiffness at the critical point is approximated by extrapolating
the nonlinear stress stiffness from the current conﬁguration as a lin-
ear function of the load factor c.
KrðDc; ccÞ  kKrðDn; cnÞ ¼ kKnr ð6Þ
It is assumed that the part of the tangent stiffness consisting of KLn
and K0 does not change with additional loading, which holds if the
additional displacements are small. The tangent stiffness at the crit-
ical point is approximated as
KTðDc; ccÞ  K0 þ KnL þ kKnr ð7Þ
and by inserting into (5) we obtain a generalized eigenvalue
problem
K0 þ KnL
 
/j ¼ kjKnr/j ð8Þ
where the eigenvalues are assumed ordered by magnitude such
that k1 is the lowest eigenvalue and /1 the corresponding eigenvec-
tor. The solution to (8) yields the estimate for the critical load factor
at load step n as
ccj ¼ kjcn ð9Þ
If k1 < 1 the ﬁrst critical point has been passed and in contrary k1 > 1
the critical point is upcoming. The one-point procedure works well
for both bifurcation and limit points. The closer the current load
step gets to the critical point, the better the approximation be-
comes, and it converges to the exact result in the limit of the critical
load.
In general, for engineering shell structures, the eigenvalue prob-
lem in (8) can be difﬁcult to solve, due to the size of the matrices
involved and large gaps between the distinct eigenvalues. For efﬁ-
cient and robust solutions, (8) is solved by a subspace method with
automatic shifting strategy, Gram–Schmidt orthogonalization, and
the sub-problem is solved by the Jacobi iterations method, see
(Wilson and Itoh, 1983).
2.2. Design sensitivity analysis of the nonlinear buckling problem
To accomplish gradient-based optimization of the nonlinear
buckling load factors, the nonlinear buckling load factor sensitivi-
ties must be derived. Only simple eigenvalues of conservative load
systems are considered, but sensitivities of multiple eigenvalues
can be computed using the approach described in, e.g., (Seyranian
et al., 1994).
The eigenvalue problem in (8) is a generalized eigenvalue prob-
lem of the form
K/j ¼ kjM/j; j ¼ 1;2; . . . ; J ð10Þ
The eigenvectors are M-orthonormalized, i.e. /Tj M/j ¼ 1, in the
solution algorithm for the generalized eigenvalue problem. This
means that /Tj Knr
 
/j ¼ 1. In order to obtain the eigenvalue sensi-
tivities, (8) is differentiated with respect to any design variable, ai,
i = 1, . . ., I, assuming that kj is simple.
dkj
dai
Knr
 
/j ¼
dK0
dai
þ dK
n
L
dai
 kj
d Knr
 
dai
 
/j
þ K0 þ KnL  kj Knr
  d/j
dai
ð11Þ
By pre-multiplication of /Tj , make use of the M-orthonormality of
the eigenvectors, the governing Eq. (8), and noting that the system
matrices are symmetric we obtain the eigenvalue sensitivities as
dkj
dai
¼ /Tj
dK0
dai
þ dK
n
L
dai
þ kj dK
n
r
dai
 
/j ð12ÞIn order to determine the eigenvalue sensitivity dkjdai for any of the de-
sign variables ai, i = 1, . . ., I, the derivative of the element initial stiff-
ness matrix, element displacement stiffness matrix, and the
element stress stiffness matrix have to be derived, respectively.
These derivatives are determined semi-analytically at the element
level by central ﬁnite difference approximations and assembled to
global matrix derivatives.
dk0
dai
 k0ðai þ DaiÞ  k0ðai  DaiÞ
2Dai
ð13Þ
dK0
dai
¼
XNase
n¼1
dk0
dai
; i ¼ 1; . . . ; I ð14Þ
k0 is the element stiffness matrix, Dai is the design perturbation,
and Nase is the number of elements in the ﬁnite element model asso-
ciated to the design variable ai.
Both the stress stiffness matrix and the displacement stiffness
matrix are implicit functions of the displacements, i.e.
Knr ¼ KrðDnðaÞ; aÞ and KLn = KL(Dn(a),a), which must be considered.
In order to evaluate design sensitivities of dK
n
L
dai
and dK
n
r
dai
semi-analyt-
ically by central ﬁnite difference approximations on the element
level by
dknr
dai
 k
n
rðai þ Dai;Dn þ DDnÞ  knrðai  Dai;Dn  DDnÞ
2Dai
ð15Þ
where the displacement increment is DDn  dDndai Dai, the displace-
ment sensitivity, dD
n
dai
, must be computed. At the converged load step
n, we can write the equilibrium equation as
Q nðDnðaÞ; aÞ ¼ Fn  Rn ¼ 0 ð16Þ
where Qn(Dn(a),a) is the so-called residual or force unbalance. Tak-
ing the total derivative of this equilibrium equation, with respect to
any of the design variables ai, i = 1, . . ., I, we obtain
dQ n
dai
¼ @Q
n
@ai
þ @Q
n
@Dn
dDn
dai
¼ 0 ð17Þ
where
@Q n
@Dn
¼ @F
n
@Dn
 @R
n
@Dn
ð18Þ
and
@Q n
@ai
¼ @F
n
@ai
 @R
n
@ai
ð19Þ
We note that (18) reduces to the tangent stiffness matrix. Since it
was assumed that the current load is independent on deformation,
@Rn
@Dn ¼ 0, we obtain
@Fn
@Dn
¼ KnT ð20Þ
By inserting the tangent stiffness and (19) into (17), we obtain the
displacement sensitivities dD
n
dai
as
KnT
dDn
dai
¼ @R
n
@ai
 @F
n
@ai
ð21Þ
For design independent loads, the term @R
n
@ai
¼ 0.
Thus, all terms have been derived for the evaluation of the
eigenvalue sensitivities in (12) and the estimate for the nonlinear
buckling load factor sensitivity at load step n is
dccj
dai
¼ dkj
dai
cn ð22Þ3. Parametrization
Two different design parametrizations are applied for laminate
optimization and ‘‘worst” shape imperfection, and these are de-
scribed in the following.
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The imperfections are represented by base shapes with the base
constructed from a sufﬁcient number of buckling modes (eigenvec-
tors). The imperfection shape is constructed as a linear combina-
tion of the base shapes in the most unfavourable way, so that the
objective function of the imperfect structure is the smallest
possible.
The geometry of the imperfect structure is described by the ﬁ-
nite element nodal point coordinates X as
X ¼ Xp þ
XN
l¼1
alWl ð23Þ
X ¼
XN
l¼1
alWl ð24Þ
Xp is the initial perfect geometry, al are the unknown shape param-
eters, Wl are the base shapes, and X the total imperfection vector.
The unknown shape parameters al are obtained as a solution to
the optimization problem.
The ‘‘worst” imperfection shape is sought within the method,
deﬁned by the shape basesW and the shape parameters a, at which
the objective function in terms of the limit load will attain a min-
imum. During the optimization the imperfection amplitude is con-
strained and formulated as a simple set of linear constraints. The
set of linear constraints for the maximum amplitude of the total
imperfection vector can be stated as
jXmj 6 em0 m 2 ½n1;n2; . . . ; ncp ð25Þ
where ni is the index of the ith constrained component of the total
imperfection vector X, ncp is the total number of constrained com-
ponents, and em0 is the amplitude value of themth constraint. Differ-
ent constraint values can be applied for different parts of the
structure and e.g. set according to manufacturing tolerances for
the structure.
The optimization starts either with the ﬁrst base shapeW1, nor-
malized by the allowable amplitude e0, as the initial guess for the
geometry of the imperfect structure or as an even averaging of all
base shapes, W, such that at least one amplitude constraint is
active.
3.2. Laminate representation
For the laminate, Continuous Fiber Angle Optimization (CFAO)
is applied, thus ﬁber orientations in laminate layers with preselect-
ed thickness and material are chosen as design variables. The lam-
inate design variables, xi, i = 1, . . ., I, may be associated with each
layer in each ﬁnite element or only with some of the ﬁber layers
in the model. The number of design variables may be reduced by
introducing patches, covering larger areas of the structure. Within
a patch containing a set of ﬁnite elements only one ﬁber angle de-
sign variable controls the orientation of the given ﬁber layer in the
ﬁnite element set. This is a valid approach for practical design
problems since laminates are typically made using ﬁber mats cov-
ering larger areas.
4. Optimization formulations
4.1. Continuous ﬁber angle optimization formulation
The mathematical programming problem for maximizing the
lowest critical load is a max–min problem. The direct formulation
of the optimization problem can give problems related to differen-
tiability and ﬂuctuations during the optimization process since the
eigenvalues can change position, i.e. the second lowest eigenvaluecan become the lowest. An elegant solution to this problem is to
make use of the so-called bound formulation, see (Bendsøe et al.,
1983; Taylor and Bendsøe, 1984, and Olhoff, 1989). A new artiﬁcial
variable b is introduced and a new artiﬁcial objective function b is
chosen. An equivalent problem is formulated, where the previous
non-differentiable objective function is transformed into a set of
constraints. The optimization formulation in the case of laminate
optimization, for a max–min problem with the use of the bound
approach, is formulated as follows
Objective : max
x;b
b
Subject to : ccj P b; j ¼ 1; . . . ;Nk
K0 þ KnL þ knj Knr
 
/nj ¼ 0
ccj ¼ knj cn
xi 6 xi 6 xi; i ¼ 1; . . . ; I
where xi denotes the laminate design variables in terms of ﬁber
angles.
The mathematical programming problem is solved by the Meth-
od of Moving Asymptotes (MMA) by Svanberg (1987). The closed
loop of analysis, design sensitivity analysis and optimization is re-
peated until convergence in the design variables or until the max-
imum number of allowable iterations has been reached.
4.2. ‘‘Worst” imperfection formulation
The mathematical programming problem for minimizing the
lowest critical load and determining the ‘‘worst” imperfection
shape is a min–min problem. The direct formulation of the optimi-
zation problem can as for the max–min give problems related to
differentiability and ﬂuctuations during the optimization process.
However, since the problem is unbounded it is not possible to ap-
ply the bound formulation and only the lowest critical load factor
has been considered in the optimization process in this study. Dur-
ing the numerical studies no mode switching or close eigenvalues
have been observed in the case of ‘‘worst” imperfection optimiza-
tion. In cases where eigenvalues get close during optimization and
mode switching occurs a formulation that simultaneously mini-
mizes a number of the lowest eigenvalues may be applied, i.e.
the problem can be formulated such the objective is a sum of a
number of the lowest eigenvalues. The optimization formulation
in case ‘‘worst” imperfection optimization is formulated as follows:
Objective : min
a
min ccj ; j ¼ 1;2; . . .
Subject to : K0 þ KnL þ knj Knr
 
/nj ¼ 0
ccj ¼ knj cn
jXmj 6 em0 m 2 ½n1;n2; . . . ;ncp
X ¼
XN
l¼1
alWl
al 6 al 6 al; l ¼ 1; . . . ;N
where al, l = 1, . . .,N are the shape design variables and the lowest of
the critical load factors, ccj ; j ¼ 1;2; . . ., is minimized. The side con-
straints upon the shape design variables, al 6 al 6 al; l ¼ 1; . . . ;N,
are not strictly needed but used in the optimizer to calculate the
maximummove limit. Again, the mathematical programming prob-
lem is solved by the Method of Moving Asymptotes (MMA).
4.3. Recurrence optimization
To study the interaction between buckling optimal laminate
design and ‘‘worst” shape imperfection a special optimization
xz
y
r
α
Concentrated Load, R
l
xeye f
r = 2540 x = 3.3 y = Ez = 1.1GPa
l = 508 yz = 0.44 xy = Gxz = 0.66GPa
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α = 0.1
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rad R = 2400N
Fig. 2. Geometry, loads, boundary conditions, and material properties for the
cylinder segment example. The hinged support is related to the mid surface of the
segment, which is realized by multi point constraints between the top and bottom
edge nodes of the solid shell ﬁnite elements. The segment is loaded by two point
loads in the negative y-direction, at the top and bottom node in the centre of the
segment. The top node in the centre of the panel is constrained against displace-
ments in the x- and z-direction. All dimensions refer to the mid surface, where the
thickness is denoted by t.
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‘‘recurrence optimization”, shape and laminate optimization,
respectively, are occurring repeatedly. The objective and parame-
trization can be summarized as.
 Shape optimization to determine the ‘‘worst” imperfection
shape that yields a minimum limit load when considering scal-
ing of buckling mode shapes as shape design variables.
 Laminate optimization to determine the optimal laminate layup
that yields a maximum limit load when considering ﬁber angles
as laminate design variables.
A single recurrence optimization iteration either corresponds to
a complete ‘‘worst” shape imperfection optimization or a complete
laminate optimization. We distinguish between two variations of
recurrence optimization that only differ in the sequence of shape
and laminate optimization, i.e.
 Recurrence optimization 1:
First laminate optimization, then shape optimization, then lam-
inate optimization, etc.
 Recurrence optimization 2:
First shape optimization, then laminate optimization, then
shape optimization, etc.
For, e.g. recurrence optimization 1, a complete laminate optimi-
zation is performed on the initial perfect design with no imperfec-
tions in the ﬁrst recurrence optimization iteration. In the second
recurrence optimization iteration, a complete ‘‘worst” shape
imperfection optimization, considering buckling mode shapes, is
performed on the optimal laminate design from the preceding
recurrence optimization iteration. In the third recurrence optimi-
zation iteration, the laminate optimization is repeated on the de-
sign with ‘‘worst” imperfection shape obtained in the second
recurrence optimization iteration, and the start values for the lam-
inate optimization are the optimal laminate variables from recur-
rence optimization iteration 1. This procedure can now be
repeated for the number of iterations desired. In these studies only
up to four recurrence optimization iterations are considered.
Alternatively, the switching between laminate and shape opti-
mization may be carried out after only a few iterations in each
sub-optimization. Such a procedure has not been applied since it
makes the results difﬁcult to interpret and present during the
recurrence optimization.
By employment of both recurrence optimization variations the
interaction between optimal laminate and ‘‘worst” imperfection
shape can be studied. Furthermore, examination of the obtained
designs and their load responses may reveal whether the optimal
laminated structures studied have severe sensitivity to geometric
imperfections in terms of limit load or post buckling strength.5. Single layered composite cylinder segment example
The cylinder segment example, Fig. 2, is hinged and free at two
opposite edges, respectively. The overall geometric properties, ex-
cept the thickness, are identical to a model studied by Saigal et al.
(1986) and Moita et al. (2000). The initial laminate layup is given
by a single lamina, of the total thickness of the segment, and all
ﬁber angles, hf, are rotated 90 according to the element coordinate
system, (xe, ye), illustrated in Fig. 2. Thus, the ﬁber angle in each
ﬁnite element is measured counterclockwise from the x-axis in
the xy-plane of the element coordinate system. The model consists
of 100 equivalent single layer solid shell ﬁnite elements.
Initial bifurcation and geometrical nonlinear analyses verify
that the critical load of the structure is characterized by a snap-through limit point at a load factor of cc = 0.144, see Fig. 3, and that
there is no bifurcation buckling prior to the limit point. The ﬁrst
bifurcation mode shape is asymmetric, see Fig. 3.
5.1. ‘‘Worst” shape imperfection of the cylinder segment
The ‘‘worst” imperfection shape is optimized considering a
selection of the lowest bifurcation modes, see Fig. 4, whereby the
optimization combines the shapes in the most unfavourable way,
i.e. with the lowest limit load possible.
The maximal imperfection amplitude is constrained to
e0 ¼ 18 t ¼ 1 mm in the radial direction in the xy-plane, according
to Fig. 2. The constrained nodes are chosen via an active set strat-
egy, i.e. only nodes with a radial coordinate transformation larger
than 90% of the speciﬁed maximal allowable imperfection ampli-
tude are chosen and constrained. The active set is updated in each
optimization iteration.
The ‘‘worst” shape optimization problem, considering 10 bifur-
cation modes, states
Objective : min
a
min ccj ; j ¼ 1; . . . ;4
Subject to : K0 þ KnL þ knj Knr
 
/nj ¼ 0
ccj ¼ knj cn
Xmr
  6 0:001 m 2 ½n1;n2; . . . ;ncp
X ¼
X10
l¼1
alWl
 50 6 al 6 50; l ¼ 1; . . . ;10
where the total number of constraints, i.e. constrained components,
ncp, is updated in each optimization iteration according to the active
set strategy. The optimization is carried out with a relative move
limit on the shape design variables of 0.2%, i.e. the max design
change is Dal ¼ 0:002ðal  alÞ ¼ 0:2. The initial imperfection is cho-
sen as the ﬁrst bifurcation shape, i.e. the ﬁrst base W1 normalized
by the allowable amplitude e0. The optimization history, obtained
‘‘worst” imperfection, and shape design variables, i.e. imperfection
shape base weight factors, of the optimum design are depicted in
Fig. 5.
It is observed that bifurcation mode 1 is a good predictor for the
ﬁnal imperfection shape. The critical load from the initial design
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Fig. 3. Top: Load displacement curve and deformation shapes during GNL analysis. The structure is characterized by a snap-through limit point at a load factor of cc = 0.144.
Bottom: 1st bifurcation mode shape at a bifurcation load factor of k1 = 0.289.
Fig. 4. First 10 bifurcation modes for the cylinder segment model.
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the ‘‘worst” imperfection shape considering 10 bifurcation modes.
But the critical load obtained from the design with the ‘‘worst”
imperfection shape considering 10 bifurcation modes is only 5.8%
lower than the critical load from the design with pure bifurcation
mode 1 imperfection.
The number of base shapes included in the ‘‘worst” imperfec-
tion optimization is now considered. Results from ‘‘worst” shape
optimizations considering different number of base shapes, here
bifurcation modes, up to a number of 100 modes for the 10  10
element discretized model are collected in Fig. 6. Higher order
modes, >100, are not included in the study since these are not rep-
resentative as geometric imperfections. The higher order modes
are, due to the limited number of degrees of freedom in the
hinged-free cylinder segment model, in-plane modes and otherspurious modes that not are smooth, but abrupt in their
representation.
A large difference in the limit load occurs immediately as
imperfections are introduced in the model. The relative change
becomes smaller as the number of base shapes considered is
increased. Considering the load displacement curves for the
10  10 element discretized model, see Fig. 6 left, only little differ-
ence occurs after the introduction of imperfections, thus bifurca-
tion mode 1 is a good predictor for the ‘‘worst” shape
imperfection for the cylinder segment example.
For the 10  10 element discretized model it is only possible
to include up to 100 bifurcation modes in the ‘‘worst” imperfec-
tion optimization due to the limited number of degrees of free-
dom and therefore it cannot be examined whether or not the
‘‘worst” imperfection shape converges with an increasing number
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Mode Shape Factor Mode Shape Factor
Mode 1,α1 8.7652 Mode 6,α6 3.3704
Mode 2,α2 −7.4074 Mode 7,α7 0.1296
Mode 3,α3 −0.0696 Mode 8,α8 −0.0939
Mode 4,α4 −2.2322 Mode 9,α9 −0.3933
Mode 5,α5 −0.1802 Mode 10,α10 0.5677
Fig. 5. Top: Optimization history for ‘‘worst” imperfection optimization considering 10 bifurcation mode shapes and the obtained ‘‘worst” imperfection. Bottom: Optimum
values of the shape design variables from the ‘‘worst” imperfection optimization considering 10 bifurcation modes.
Fig. 6. Left: Load displacement curves for different designs including designs with ‘‘worst” shape imperfections obtained by considering different number of bifurcation
modes (10  10 element discretization). Right: The limit load factor is plotted as a function of the number of modes considered in the ‘‘worst” imperfection optimization. The
upper right curve is for a 10  10 elements discretization whereas the lower right curve is for a 20  20 element discretization.
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cretized model has been applied considering up to a number of
300 bifurcation modes as base shapes in the ‘‘worst” imperfectionoptimization. From the lower right graph in Fig. 6 it is clear that
the limit point and thus the ‘‘worst” imperfection shape con-
verges with the number of base shapes. The limit load factors
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Fig. 7. Optimization history for recurrence optimization 1 and 2 for the cylinder
segment.
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discretization.5.2. Recurrence optimization of the cylinder segment
The cylinder segment is considered for recurrence optimization.
In the laminate optimization the ﬁber angle is changed in each ele-
ment giving a total of 100 laminate design variables. The lowest 50
bifurcation mode shapes are used as shape design variables in the
‘‘worst” shape optimization. Laminate and shape optimization are
proceeded until convergence in the design variables where conver-
gence is deﬁned as being obtained when the relative design change
is less than 0.001% which is a very tight convergence tolerance.
This tight convergence tolerance is applied in the optimization of
all numerical examples and ensures full convergence for all sub-
optimizations. A looser convergence tolerance may be applied in
order to speed up the procedure, such that each sub-optimization
is completed with less optimization iterations. Recurrence optimi--0.20
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Fig. 8. Load displacement curves for the obtained optimzation 1 and 2 are performed up to a number of four recurrence
optimization iterations. The optimization histories for the recur-
rence optimizations are shown in Fig. 7, where the colors of the
lines illustrate shape or laminate optimization for, respectively,
recurrence optimization 1 and 2. Thus, shape and laminate optimi-
zation are carried out twice in the recurrence optimizations. For
the eight optimizations convergence are reached after 78–173
optimization iterations.
Approximately the same limit load factor is obtained after two
recurrence optimization iterations. This indicates a minor interac-
tion between laminate conﬁguration and geometric imperfections
for this model. The imperfection sensitivity is reduced by the
laminate optimization, i.e. the limit load for the initial design is
reduced 31.6% with the introduction of the ‘‘worst” shape
imperfections whereas the reduction for the optimal laminate
design only is 22.4%.
In Fig. 8, load displacement curves are plotted for the designs
obtained during recurrence optimization 1 and 2. The load dis-
placement curves are almost identical in the last iterations for both
recurrence optimizations. Considering recurrence optimization 1,
it is evident that the ﬁrst laminate optimization introduces large
buckling resistance to the model, which at the point of instability
gives a rather dramatic snap-through, i.e. during snapping the
monitored node experiences at some point a reduction in load
and displacement simultaneously. For force controlled systems
this snap-through property has little inﬂuence on the failure of
the structure since the post buckling displacements after dynamic
snapping are quite similar to the post buckling displacements for
the imperfect designs.
The load displacement curve for the optimal laminate design,
with ‘‘worst” imperfection shape from iteration 2 in recurrence
optimization 1, is lower than the other curves in the post buckled
region, i.e. the post buckling strength is lower.
By examining optimal designs obtained during the recurrence
optimizations, see Fig. 9, it is observed that the obtained laminate
and shape designs are almost identical. Only minor changes are
present after recurrence optimization iteration 2 between the
shape and laminate designs in recurrence optimization 1 and 2.-0.20
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Fig. 9. Optimum designs obtained during the recurrence optimizations. For visualization purposes the obtained imperfection shapes are scaled 20 times. Note that the
segment is oriented such that it is hinged at the left and right edge.
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and the imperfection shape, i.e. the same optimum laminate and
shape designs are obtained in both recurrence optimizations. Intu-
itively, this can be understood as the laminate objective function in
general is reduced by geometric imperfections. Furthermore, this
study surprisingly shows that the optimal laminate design has
lower sensitivity to geometric imperfections than the initial de-
sign. This is in contrast to statements as found in, e.g. (Thompson,
1972). The gain by laminate optimization, when comparing 2nd
iteration in recurrence optimization 1 with 1st iteration in recur-
rence optimization 2, is huge and an improvement of 169% with re-
spect to the stability limit is achieved.Fig. 10. Examples of laminated composite proﬁles manufactured by pultrusion
process by the company Fiberline Composites A/S.6. 4-Layer composite U-proﬁle example
The laminated composite U-proﬁle is an example of a real struc-
tural engineering element, e.g. the company Fiberline Composites A/
S produces such structural elements by a process called pultrusion,
see Fig. 10.
Geometry, loading, and boundary conditions are identical to a
model analyzed by Klinkel et al. (1999) and Lindgaard and Lund
(2010). The U-proﬁle is clamped at one end and point loaded in
an upper corner node at the other end with a force R = 250 kN. A
total of 432 equivalent single layer solid shell ﬁnite elements are
used in the numerical model. The laminate layup consists of 4
uni-directional E-glass/epoxy ﬁber layers each of equal thickness,
see properties of the processed material in Table 1.
The ﬁber orientation is related to the element coordinate sys-
tem, (xe, ye, ze), in each ﬁnite element. The ﬁber orientation is mea-
sured counterclockwise from the x-axis in the xy-plane of the
element coordinate system. The element coordinate system for
the ﬁnite elements in the web and each ﬂange, respectively, is de-picted in Fig. 11. The ﬁber orientation of each layer for the web and
each ﬂange, respectively, is considered constant and the layer
stacking is done from inside out. The initial layup deﬁnition for
the U-proﬁle is stated in Table 2.
Initial bifurcation and geometrically nonlinear analyses, with-
out imperfections, show that the critical load of the structure is
characterized by a snap-through limit point at a load factor of
cc = 0.727. The structure buckles at the rear end of the top ﬂange,
whereby instability occurs due to loss of stiffness in that region,
see Fig. 12.
Table 1
Processed material properties for U-proﬁle.
E-glass/epoxy
Ex 30.6 GPa Ey 8.7 GPa
Ez 8.7 GPa mxy 0.29
mxz 0.3 myz 0.3
Gxy 3.24 GPa Gxz 3.24 GPa
Gyz 2.9 GPa q 1686 kg/m3
Table 2
Layup deﬁnition for the U-proﬁle. Each layer in the
laminate layup has a thickness of 12.5 mm.
Layup deﬁnition
Top ﬂange (0, 45,90, 45)
Web (90, 135, 0, 45)
Bottom ﬂange (45, 90, 45, 0)
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The ‘‘worst” imperfection shape is optimized considering a
selection of the lowest buckling modes. The maximal amplitude
of the imperfection is constrained to e0 = t = 0.05 m in the x-, y-,
and z-direction, respectively. The constrained nodes are chosen
via an active set strategy, i.e. only nodes with a coordinate trans-
formation larger than 90% of the speciﬁed maximal allowable
imperfection amplitude are chosen and constrained. The active
set is updated in each optimization iteration. The initial imperfec-
tion is chosen as an even selection of all base shapes, and scaled
such that at least one imperfection amplitude constraint is active.
Initially, bifurcation mode shapes are considered as base shapes
in the ‘‘worst” imperfection optimization and up to a number of
100 modes are included. Load displacement curves for the different
optimum designs are depicted in Fig. 13 together with the ‘‘worst”
imperfection shape obtained by considering 50 bifurcation shapes.
A rather large reduction occurs in the limit load factor as the
number of bifurcation shapes considered in the imperfection opti-
mization is increased from 10 to 50. The limit load factor reduction
by increasing the number of bifurcation shapes from 50 to 100 is
limited. Noting that the limit load factor for a design without
imperfections is cc = 0.727, the introduction of the ‘‘worst” imper-
fection from 50 bifurcation shapes yields a reduction of 16.9% with
respect to the limit load factor.
If nonlinear buckling analysis, as described in Section 2, is car-
ried out at a load level close to the critical load in the deformed
conﬁguration, the ﬁrst nonlinear buckling shape, illustrated in
Fig. 14, is very similar to the post buckled deformation shape in
Fig. 12.
It is by this reason attempted to use nonlinear buckling modes
obtained from (8) of the initial design as base shapes in the imper-
fection optimization in order to investigate whether these shapes
gives a better prediction of the ‘‘worst” imperfection shape, i.e. a
lower limit load for the same number of base shapes. The studyR
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Fig. 11. Geometry, loads, boundary conditions, and element cupon the number of base shapes considered in the ‘‘worst” imper-
fection optimization, as done for bifurcation shapes, is carried out
with nonlinear buckling mode shapes. The results from the study
are collected in Fig. 15.
Comparing these load displacement curves with those obtained
by considering bifurcation modes, see Fig. 13, lower limit loads are
generally obtained with the use of the nonlinear buckling modes
for the same number of base shapes. This is especially pronounced
when only 5 or 10 base shapes are considered in the ‘‘worst”
imperfection optimization.
By inspection of the ‘‘worst” imperfection shape from 50 bifur-
cation or nonlinear buckling mode shapes, as shown in Figs. 13 and
15, respectively, it is for both cases observed that the ‘‘worst”
imperfection shape is a combination of all modes and not governed
by a single base shape.
A study upon the imperfection amplitude is considered in order
to determine how dependent the ‘‘worst” imperfection shape is to
the choice of allowable imperfection amplitude. The ‘‘worst”
imperfection shape is determined at three maximum imperfec-
tions amplitudes, e0 = [t/2, t, 2t], by using 10 bifurcation modes
as base shapes. The ‘‘worst” shapes obtained from the three opti-
mizations are collected in Fig. 16 and scaled in accordance to their
maximum imperfection amplitude for a direct comparison.
The three ‘‘worst” imperfection shapes in Fig. 16 are visually al-
most identically despite not all design variable values between the
different designs are scalable, see Table 3. Only the modes, [a1, a2,
a9, a10], have similar design variables.
In order to determine whether these dissimilarities between the
design variables effect the stability load of the structure the ob-
tained designs from e0 = [t/2, t] are scaled to an amplitude of
e0 = 2t and their stability load are calculated, see Table 3. All de-
signs yield almost same limit load factor at an imperfection ampli-
tude of e0 = 2t, i.e. the imperfection amplitude does inﬂuence the
‘‘worst” imperfection shape but for this example the ‘‘worst”
imperfection shapes obtained at different imperfection amplitudesR
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Fig. 12. Load displacement curve and deformation shapes during initial GNL analysis together with the ﬁrst bifurcation load factor and mode shape for the initial design
without imperfections. The critical load of the structure is characterized by a snap-through limit point at a load factor of cc = 0.727. The 1st bifurcation load factor is k1 = 1.17,
thus no bifurcation buckling occurs prior reaching the limit point.
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Fig. 13. Left: Load displacement curves for different designs obtained with ‘‘worst” shape imperfection by considering different number of bifurcation shapes. Right: The
‘‘worst” imperfection shape obtained with 50 bifurcation shapes.
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amplitude. It is surprisingly to note that the optimum designs ob-
tained with an imperfection amplitude of e0 = [t/2, t] yield a
slightly better prediction of the ‘‘worst” imperfection shape at animperfection amplitude of e0 = 2t than the optimum design
obtained at that imperfection amplitude. The only reasonable
explanation is convergence to a local minima due to the non-con-
vex design space.
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Fig. 14. 1st nonlinear buckling mode shape obtained by nonlinear buckling analysis
for initial design.
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Recurrence optimization is considered for the U-proﬁle. The
lowest 50 bifurcation modes are used as shape design variables
in the ‘‘worst” imperfection optimization. In the laminate optimi-
zation ﬁber angles controlling each ﬁber layer in the laminate lay-0.00
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Fig. 15. Left: Load displacement curves for different designs obtained with ‘‘worst” shap
The ‘‘worst” imperfection shape obtained with 50 nonlinear buckling shapes.
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Fig. 16. ‘‘Worst” imperfection shapes for different imperfection ampup are used as laminate design variables. Since the U-proﬁle
consists of 4 uni-directional ﬁber layers at web and each ﬂange this
yields a total of 12 laminate design variables. Again, laminate and
shape optimization are proceeded until convergence in the design
variables and recurrence optimization 1 and 2 are performed up to
a number of four recurrence optimization iterations. The four lam-
inate optimizations converge in 29–99 optimization iterations
whereas convergence in the four ‘‘worst” imperfection optimiza-
tions are reached after 129–160 optimization iterations.
After only two recurrence optimization iterations, see Fig. 17,
almost same the limit load factor is attained. After four iterations
there is a difference of 1.1% between the limit load factors from
both optimizations.
Considering Fig. 18, only small changes appear after the second
iteration in both optimizations. The load displacement curve for
the optimal laminate design with ‘‘worst” imperfection shape, cor-
responding to iteration 2 in recurrence optimization 1, is lower
than the other curves for the subsequent iterations in the post
buckled region, i.e. the post buckling strength is lower.
The imperfection sensitivity of the structure is increasedby30.2%
with theﬁrst laminateoptimization in recurrenceoptimization1, i.e.R
e imperfection by considering different number of nonlinear buckling shapes. Right:
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litudes when considering 10 bifurcation modes as base shapes.
Table 3
Design variable values for the ‘‘worst” imperfection shapes with maximum allowable
imperfection amplitude of e0 = [t/2, t, 2t]. Note that the design variable values of the
designs with e0 = [t/2, t] are scaled to an amplitude of e0 = 2t for a direct comparison
and indicated with *. The limit load factor for all designs at an amplitude of e0 = 2t are
also stated.
Mode shape Factor – e0 ¼ t=2 Factor – e0 ¼ t Factor – e0 = 2t
Mode 1, a1 8.41 8.47 8.42
Mode 2, a2 17.22 17.69 17.72
Mode 3, a3 1.41 1.69 9.34
Mode 4, a4 2.20 10.79 6.80
Mode 5, a5 2.17 9.26 5.93
Mode 6, a6 9.75 5.00 5.21
Mode 7, a7 5.30 1.04 18.98
Mode 8, a8 16.84 19.09 3.77
Mode 9, a9 6.41 4.10 6.72
Mode 10, a10 8.82 8.56 8.00
Limit load factor 0.595* 0.594* 0.602
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Fig. 17. Optimization history for recurrence optimization 1 and 2 for the U-proﬁle.
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Fig. 18. Load displacement curves for the obtained opti
Table 4
Optimum layup from recurrence optimization 1 of the U-proﬁle. Each layer in the
laminate layup has a thickness of 12.5 mm.
Layup deﬁnition
Top ﬂange (31.2, 11.0, 171.0, 32.0)
Web (59.8, 176.3, 1.0, 9.0)
Bottom ﬂange (0.1, 89.5, 0.2, 0.7)
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with the introductionof the ‘‘worst” imperfectionwhereas the initial
design is reduced by only 16.9%. Despite the higher sensitivity of the
optimal laminate design the limit load for the optimal laminate
design is 23.5% higher than that of the initial design when ‘‘worst”
shape imperfections are considered.
Inspection of the ﬁnal laminate and shape designs obtained by
both recurrence optimizations show very similar designs, and the
obtained optimum laminate design from recurrence optimization
1 is stated in Table 4. The interaction between the laminate design
and shape imperfections for this example is minor.7. Orthotropic thin-walled cylinder example
The orthotropic cylinder, Fig. 19, is loaded in compression. The
laminate layup consists of eight uni-directional glass/polyester ﬁ-
ber layers and the processed material properties are extracted from
ESAComp (2008). The ﬁber layers are oriented in reference to the
element coordinate systems, (xe, ye, ze). The element coordinate
system for all elements is oriented as illustrated in Fig. 19, i.e.
the ze-axis is pointing outwards in the radial direction, the xe-axis
is pointing in the longitudinal direction, and the ye-axis is tangen-
tial to the cylinder. All ﬁber layers have equal thickness and for the
initial layup all ﬁber angles are zero, i.e. all ﬁbers are directed in
the longitudinal direction of the cylinder. The model consists of
1536 equivalent single layer solid shell ﬁnite elements. Symmetry0.00
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L = 5m Ex = 38GPa Ey = Ez = 9GPa
t = 10mm Gyz = 4GPa Gxy = Gxz = 4.5GPa
Douter = 2m νxz = 0.053 νxy = νyz = 0.3
Layers = 8 Surface load = 1GPa
Fig. 19. Geometry, loads, boundary conditions, and processed material properties
for the orthotropic cylinder. Length, outer diameter, and thickness is denoted by L,
Douter, and t, respectively. The inner nodes at the end cross sections are restrained
from transverse displacements while the inner nodes at the mid section are
restrained against displacements in the longitudinal direction of the cylinder. The
surface load is applied at both ends (not follower load).
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model since that would exclude asymmetric modes in the bifurca-
tion analysis.
The orthotropic cylinder without imperfections is a typical
example of a structure where the stability is governed by bifurca-
tion buckling. The 1st bifurcation load factor for the initial design is
k1 = 0.095. The bifurcation point can via imperfections be trans-
formed into a limit point whereby structural stability of the struc-
ture can be analyzed by GNL analysis.0.00
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Fig. 20. Load displacement curve and deformation shapes at different states during t
bifurcation mode 1 and amplitude equal to the thickness of the cylinder has been utilizAn initial GNL analysis of the cylinder, where a bifurcation
mode 1 imperfection has been applied, see Fig. 20, yields a rather
complicated response. At the ﬁrst limit point, the cylinder buckles
in the same shape as the applied imperfection mode. In the post
buckled region the buckle deformations enhance, and the structure
is able to carry more load. This continues until the second limit
point is reached and the buckle deformations enhance rapidly
and becomes more local. In the following, the ﬁrst limit point is
considered as the maximum load capacity of the structure, i.e. re-
sponse beyond the ﬁrst limit point is of no interest.
Among all thin-walled structures it iswell-known that axisymet-
ric structures (e.g. spheres and cylinders) prove to have a high
imperfection sensitivity, see e.g. (Koiter, 1969; Bushnell, 1985;
Jones, 2006). This was also noted during the numerical studies
where it was found that the stability limit of the structure is very
sensitive to the imperfection amplitude, see Fig. 21. An imperfection
amplitude of e0/t = 0.1 gives a critical load that is 10.7% lower than
the bifurcation load while an imperfection amplitude of e0/t = 1
gives a critical load that is 43.8% lower than the bifurcation load.
For this example, the imperfection amplitude may be equally or
evenmore important than the imperfection shape. The imperfection
amplitude must therefore be chosen carefully in order to obtain a
reliable prediction of the limit load of such an imperfect structure.7.1. Recurrence optimization of the cylinder
In the recurrence optimization of the orthotropic cylinder, 50
bifurcation modes are used as shape design variables in the
‘‘worst” imperfection optimization and the imperfection amplitude
is constrained to e0/t = 1 in the radial direction. In the laminate
optimization the ﬁber angles are considered constant throughout
each of the eight ﬁber layers which gives a total of eight laminate
design variables. Since the optimization procedure applied in this
study is based upon GNL analyses, an initial bifurcation mode 1
imperfection is utilized for the initial design whereby the bifurca-
tion point is transformed into a limit point. The optimization histo-
ries for the recurrence optimizations are shown in Fig. 22.
Investigations of the laminate and shape design variables from
the ﬁnal designs from both optimizations show different designsst
nd
st
0.015
he GNL analysis of the orthotropic cylinder. An initial imperfection according to
ed.
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Fig. 21. Load displacement curves for different imperfection amplitudes with
bifurcation mode 1 imperfection. The 1st bifurcation load factor is also plotted for
the sake of comparison.
0.02
0.04
0.06
0.08
0.10
0.12
3210
Li
m
it 
Lo
ad
 F
ac
to
r
Fig. 22. Optimization history for recurrence optimization 1 and 2.
Table 5
Optimum layup from recurrence optimization 1 and 2 of the orthotropic cylinder.
Layup deﬁnition
RecurOpt1 (88.4, 81.2, 19.4, 40.8, 1.4, 106.2, 86.3, 88.8)
RecurOpt2 (69.7, 65.8, 7.7, 17.1, 3.7, 1.3, 93.1, 91.0)
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either indicates strong interaction between the laminate and shape
variables or convergence to local minima. An interaction between
the variables would change the design space between each lami-
nate and shape optimization, respectively, and thereby lead to dif-
ferent optimum designs from the recurrence optimizations.
Considering the imperfection sensitivity of the initial design
and the optimal laminate design from iteration 1 in recurrence
optimization 1, it is evident that the imperfection sensitivity of
the optimal laminate design is higher than for the initial design.
The limit load factor for the initial design is reduced by 46.1% while
the limit load factor for the optimal laminate design is reduced by
63.0% with the introduction of the ‘‘worst” shape imperfections.
The imperfection sensitivity of the optimal laminate design is
therefore 36.5% higher than for the initial design.Despite the higher imperfection sensitivity of the optimal lam-
inate design, the limit load improvement by laminate optimization
compared to the limit load of the initial design is 34.9% when
‘‘worst” shape imperfections are considered.8. Conclusions
In the present paper, a new formulation for determining
‘‘worst” shape imperfections is introduced as a gradient-based
technique for minimizing the nonlinear buckling load by optimiz-
ing the combination of a set of base shapes constraining the imper-
fection amplitude. The imperfections are represented by a set of
base shapes where the base shapes are constructed from a number
of buckling modes. During optimization, imperfections are directly
introduced in the analysis model and the effect is determined by
geometrically nonlinear analysis, thus no assumptions about linear
equilibrium path and small imperfections are made. The nonlinear
buckling load is estimated at a precritical point on the nonlinear
equilibrium path in the deformed conﬁguration. The estimation
point is always chosen close to the real buckling point for a precise
estimate of the nonlinear buckling load and nonlinear buckling
load design sensitivities.
In the numerical examples presented, the method is able to suc-
cessfully determine the ‘‘worst” shape imperfections reducing the
nonlinear buckling load and thereby determine a lower bound on
the collapse load. The examples demonstrated the importance of
imperfections and that they should be considered both in analysis
and design in order to obtain realistic and reliable predictions of
the buckling performance. For complex structures, where intuitive
determination of the ‘‘worst” shape imperfections is not possible,
the method is essential. An imperfection shape that is afﬁne to
the lowest bifurcation mode is typically used to model the ‘‘worst”
imperfection but the numerical studies presented in this paper
showed that the ‘‘worst” shape imperfections in general are a dis-
tinct combination of many modes.
An optimization procedure that includes laminate optimization
together with ‘‘worst” shape optimization, named ‘‘recurrence
optimization”, is applied in the numerical examples as an optimi-
zation strategy and is furthermore used to study the imperfection
sensitivity of optimal laminates and the interaction between lam-
inate design and shape imperfections. Laminate buckling optimiza-
tion is often claimed to cause an increase in the imperfection
sensitivity, i.e. larger reduction in the buckling load with introduc-
tion of imperfections. This negative side-effect of laminate optimi-
zation was noticed in two out of three of the examples studied
whereas laminate optimization for one example reduced the
imperfection sensitivity. Despite laminate optimization may be a
source of increasing imperfection sensitivity, all numerical exam-
ples studied showed a considerable gain in buckling performance
compared to the initial design even when ‘‘worst” shape imperfec-
tions were considered.
During the numerical studies no or limited interaction between
the laminate design and ‘‘worst” shape imperfections is traced,
thus it may not be necessary to utilize a nested optimization ap-
proach where ‘‘worst” imperfections and laminate design are opti-
mized simultaneously.
For real-life design purposes the method is essential and espe-
cially in cases where the shape and locations of imperfections are
unknown. The method can give useful information about imperfec-
tion critical areas which e.g. requires special attention in the man-
ufacturing process. Though, realistic predictions of the collapse
load with this method can only be gained with knowledge about
the real typical geometric imperfections in terms of size and shape
in order to carefully choose representative base shapes and con-
straints for the imperfection amplitude.
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